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Abstract. In this article, we prove a conductor formula in a geometric situation that generalizes
the Grothendieck-Ogg-Shafarevich formula. Our approach uses the ramification theory of Abbes
and Saito, and relies on Tsushima’s refined characteristic class.
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1. Introduction
1.1. This article is devoted to the proof of a conductor formula for ℓ-adic sheaves in a geometric
situation (1.3.1) which generalizes the classical Grothendieck-Ogg-Shafarevich formula ([11] X 7.1)
as well as the index formula of Saito ([18] 3.8). It uses the ramification theory developed by Abbes
and Saito and it relies on a previous work of Tsushima, who proved a special case ([23] 5.9).
1.2. Let k be a perfect field of characteristic p ą 0, f : X Ñ Y a proper flat morphism of smooth
connected k-schemes and d the dimension of X . We assume that dimY “ 1 and let y be a closed
point of Y , y a geometric point localized at y, Ypyq the strict localization of Y at y and η a geometric
generic point of Ypyq. Put W “ Y ´ tyu, V “ f
´1pW q and that Q “ f´1pyq. We assume that
the canonical projection fV : V Ñ W is smooth and Q is a divisor with normal crossing on X .
Let D be a divisor with simple normal crossing on X containing S “ Qred such that D X V is a
divisor with simple normal crossing relatively to W . We put U “ X´D and let j : U Ñ X be the
canonical injection. We consider the diagram
U
ν //
fU ❅
❅
❅
❅
❅
❅
❅
❅
V
l
//
fV

X
lf

Qoo

W // Y yoo
1
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where ν is the canonical injection and fU “ fV ˝ν. We fix a prime number ℓ invertible in k, and an
Artinian local Zℓ-algebra Λ. Let F be a locally constant and constructible sheaf of free Λ-modules
on U such that
(i) F is tamely ramified along the divisor D X V relatively to V ;
(ii) the conductor R of F is effective with support contained in S ([5] 8.10) and F is isoclinic
and clean along D ([5] 8.22 and 8.23).
Condition (i) implies that fV is universally locally acyclic relatively to ν!pF q ([6] Appendice
to Th. Finitude, [19] 3.14). Since fV is proper, all cohomology groups of RfU !pF q are locally
constant and constructible on W . We put ([6] Rapport 4.4)
rkΛpRΓcpUη,F |Uη qq “ Trpid; RΓcpUη,F |Uη qq,
swypRΓcpUη,F |Uη qq “
ÿ
qPZ
p´1qqswypR
qΓcpUη,F |Uη qq,
dimtotypRΓcpUη,F |Uη qq “ rkΛpRΓcpUη,F |Uη qq ` swypRΓcpUη,F |Uη qq,
where swypR
qΓcpUη,F |Uη qq denotes the Swan conductor of R
qΓcpUη,F |Uη q at y.
We denote by
T˚XplogDq “ VpΩ1X{kplogDq
_q
the logarithmic cotangent bundle over X and by σ : X Ñ T˚XplogDq zero section. Under the
conditions (i) and (ii), Abbes and Saito defined the characteristic cycles of F , denoted by CCpF q,
as a d-cycle on T˚XplogDq ([5] 1.12; [18] 3.6; cf. 6.15). The vertical part CC˚pF q of CCpF q is
a d-cycle on T˚XplogDq ˆX S such that
CCpF q “ p´1qdprkΛpF qrσpXqs ` CC
˚pF qq.
Theorem 1.3. We keep the notation and assumptions of 1.2 and assume moreover that S “ D
(i.e., U “ V ) or that rkΛpF q “ 1. Then, for any section s : X Ñ T
˚XplogDq, we have the
following equality in Λ
(1.3.1)
dimtotypRΓcpUη,F |Uη qq ´ rkΛpF q ¨ dimtotypRΓcpUη,Λqq “ p´1q
d`1 degpCC˚pF q X rspXqsq.
The case where rkΛpF q “ 1 is due to Tsushima ([23] 5.9). Although we follow the same lines
for sheaves of higher ranks, the situation is technically more involved. Our approach requires the
assumption that S “ D.
1.4. To prove 1.3, we follow the strategy of Saito for the proof of an index formula for ℓ-adic
sheaves on proper smooth varieties [18]. The latter can be schematically divided into two steps.
The first step uses the theory of cohomological correspondences due to Grothendieck and Verdier
to associate a cohomology class to the ℓ-adic sheaf, called the characteristic class, that computes
its Euler-Poincaré characteristic by the Lefschetz-Verdier formula ([11] III). The second step is
more geometric. It consists of computing the characteristic class as an intersection product using
the ramification theory developed by Abbes and Saito [2].
1.5. The analogous approach for the proof of the conductor formula (1.3.1) was started by
Tsushima in [23]. He refined the characteristic class of an ℓ-adic sheaf into a cohomology class
with support in the wild locus, called in this article the refined characteristic class. He proved
a Lefschetz-Verdier formula for this class ([23] 5.4) which amounts to say that it commutes with
proper push-forward. On a smooth curve, the refined characteristic class gives the Swan conductor
([23] 4.1). The main goal of this article is to prove an intersection formula that computes the
refined characteristic class.
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1.6. More precisely, with the notation and assumptions of 1.2, the refined characteristic class
CSpj!pF qq of j!pF q is defined as an element in H
0
SpX,KXq. The Lefschetz-Verdier formula implies
the following relation
swypRΓcpUη,F |Uη qq ´ rkΛpF q ¨ swypRΓcpUη,Λqq “ ´f˚pCSpj!pF qq ´ rkΛpF q ¨ CSpj!pΛU qqq
in H0tyupY,KY q
„
ÝÑ Λ, where f˚ in the left hand side is the proper push-forward H
0
SpXKXq Ñ
H0tyupY,KY q (cf. 7.12). Assume that D “ S or that rkΛpF q “ 1. Then, our main result is the
following formula (8.2)
CSpj!pF qq ´ rkΛpF q ¨ CSpj!pΛU qq
“ p´1qd rkΛpF q ¨ cd
´
Ω1X{kplogDq bOX OXpRq ´ Ω
1
X{kplogDq
¯X
S
X rXs P H0SpX,KXq,
where cdp´q
X
S is a bivariant class built of localized Chern classes (cf. 2.4). The right hand side is
the image of a zero cycle class in CH0pSq, whose degree is p´1q
d degpCC˚pF qX rspXqsq (cf. 8.24),
which implies theorem 1.3.
1.7. Beyond Tsushima’s work already mentioned, there have been several works on the conductor
formula. Abbes gave a conductor formula for an ℓ-adic sheaf on an arithmetic surface, under the
condition that the sheaf has no fierce ramification [1]. Vidal proved that the alternating sum of the
Swan conductor of the cohomology groups with compact support of an ℓ-adic sheaf on a normal
scheme over a local field only depends on its rank and its wild ramification [24]. For an ℓ-adic sheaf
on a smooth scheme over a local field of mixed characteristic, Kato and Saito defined its Swan
class, which is a 0-cycle class supported on the wild locus, that computes the Swan conductor
of the cohomology groups with compact support [15]. In a recent work [20], Saito defined the
characteristic cycle of an ℓ-adic sheaf on a smooth surface as a cycle on the cotangent bundle
without the cleanliness condition. When the surface is fibered over a smooth curve, he proved a
conductor formula conjectured by Deligne ([20] 3.16).
1.8. This article is organized as follows. After preliminaries on étale cohomology, we briefly
introduce the cohomological correspondences and the characteristic class of an ℓ-adic sheaf in §4.
We recall Abbes and Saito’s ramification theory in §5 and review the definition of clean sheaves
and the characteristic cycle in §6. We give the definition of Tsushima’s refined characteristic class
and introduce the corresponding Lefschetz-Verdier formula in §7. The last section is devoted to
the proof of the conductor formula.
Acknowledgement. This article is a part of the author’s thesis at Université Paris-Sud and
Nankai University. The author would like to express his deepest gratitude to his supervisors
Ahmed Abbes and Lei Fu for leading him to this area and for patiently guiding him in solving
this problem. The author would also like to thank professor Takeshi Saito for his stimulating
suggestions toward to this article. This work is developed during a long visit to IHES supported
by Fonds Chern and Fondation Mathématiques Jacques Hadamard. The author is grateful to these
institutions for their support.
2. Notation
2.1. In this article, k denotes a perfect field of characteristic p ą 0. We fix a prime number ℓ
invertible in k, an Artinian local Zℓ-algebra Λ and a non-trivial additive character ψ : Fp Ñ Λ
ˆ.
All k-schemes are assumed to be separated and of finite type over Specpkq.
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2.2. For a k-schemeX , we denote byDpX,Λq the derived category of complexes of étale sheaves of
Λ-modules on X and by DbctfpX,Λq (resp. D
´pX,Λq, resp. D`pX,Λq and resp. DbcpX,Λq) its full
subcategory consisting of objects bounded of finite tor-dimension with constructible cohomologies
(resp. of objects bounded above, resp. of objects bounded below and resp. of objects bounded
with constructible cohomologies). We denote by KX the complex Rf
!Λ, where f : X Ñ Specpkq
is the structure map and by DX the functor RHomp´,KXq on D
b
ctfpX,Λq. For two k-schemes X
and Y , and an étale sheaf of Λ-modules F (resp. G ) on X (resp. Y ), F b G denotes the sheaf
pr˚1F b pr
˚
2G on X ˆk Y .
2.3. Let X be a scheme and E a sheaf of OX -modules of finite type. Following ([9] 1.7.8), we
denote by VpE q the vector bundle SpecpSymOX pE qq over X .
2.4. Let X be a k-scheme of equidimension e, Z a closed subscheme of X , E1 and E0 locally free
OX -modules of rank e, f : E1 Ñ E0 an OX -linear map which is an isomorphism on X ´ Z, and
E “ rE1
f
ÝÑ E0s the complex such that E0 is in degree 0. For i ą 0, we put ([14] 3.24)
cipE0 ´ E1q
X
Z “
minpe,i´1qÿ
j“0
cjpE1q X ci´j
X
Z
pE q
as a bivariant class, where cpE1q denotes the Chern class of E1 ([8] 3.2) and c
X
Z pE q the localized
Chern class of E ([8] 18.1).
3. Preliminaries on étale cohomology
3.1. Let
(3.1.1) X 1
f 1 //
g1

Y 1
g

X
f // Y
be a commutative diagram of k-schemes. We have the base change maps ([10] XVII 4.1.5, XVIII
3.1.13.2)
g˚Rf˚ Ñ Rf
1
˚g
1˚,(3.1.2)
Rf 1!Rg
1! Ñ Rg!Rf!.(3.1.3)
Assume that diagram (3.1.1) is Cartesian. There exists a canonical base change isomorphism
(the proper base change theorem) ([10] XVII 5.2.6)
(3.1.4) g˚Rf!
„
ÝÑ Rf 1! g
1˚.
There exists a canonical isomorphism of functors ([10] XVIII 3.1.12.3)
(3.1.5) Rf 1˚Rg
1! „ÝÑ Rg!Rf˚.
There exists a canonical morphism of functors ([10] XVIII 3.1.14.2)
(3.1.6) g1˚Rf ! Ñ Rf 1!g˚.
It is defined as the adjoint of the composed morphisms
Rf 1! g
1˚Rf !
„
ÝÑ g˚Rf!Rf
! Ñ g˚,
where the first arrow is induced by the inverse of the proper base change theorem and the second
arrow is induced by the adjunction map Rf!Rf
! Ñ id.
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3.2. Let f : X Ñ Y be a morphism of k-schemes and F (resp. G ) an object of DbctfpX,Λq (resp.
DbctfpY,Λq). There exists a canonical isomorphism (the projection formula) ([10] XVII 5.2.9)
(3.2.1) Rf!pf
˚
G bL F q
„
ÝÑ G bL Rf!F .
3.3. For a morphism f : X Ñ Y of k-schemes and two objects F and G of DbctfpY,Λq, we have a
canonical map
(3.3.1) f˚F bL Rf !G Ñ Rf !pF bL G q,
defined as follows. By the projection formula (3.2.1), we have a canonical isomorphism
Rf!pf
˚
F bL Rf !G q
„
ÝÑ F bL Rf!pRf
!
G q.
Composing with the adjunction map Rf!pRf
!G q Ñ G , we obtain a map Rf!pf
˚F bL Rf !G q Ñ
F bL G , which gives (3.3.1) by adjunction.
If f is a closed immersion, (3.3.1) induces a cup product
(3.3.2) HipX, f˚F q ˆHjXpY,G q
Y
ÝÑ Hi`jX pY,F b
L
G q.
3.4. Let g :W Ñ X and f : X Ñ Y be closed immersions of k-schemes, and F and G objects of
DctfpY,Λq. Then, the following diagram is commutative
(3.4.1) f˚F bL g˚Rg
!pRf !G q

„ // g˚ppfgq˚F bL Rpfgq!G q
(3.3.1) // g˚Rg!pRf !pF bL G qq

f˚F bL Rf !G
(3.3.1) // Rf !pF bL G q
where the vertical maps are induced by the adjunction map g˚Rg
! Ñ id, and the isomorphic map is
induced by the projection formula (3.2.1). Indeed, it is enough to show that the following diagram
is commutative
f˚pf
˚F bL g˚Rg
!pRf !G qq

„ // pfgq˚ppfgq˚F bL Rpfgq!G q
„ // F bL pfgq˚Rpfgq!G

f˚pf
˚F bL Rf !G q
„ // F bL f˚pRf !G q // F bL G
where the isomorphic maps are the projection formulae and the other maps are induced by ad-
junction. Since the composition of the upper horizontal maps is the projection formula
f˚pf
˚
F bL g˚Rg
!pRf !G qq
„
ÝÑ F bL pfgq˚Rpfgq
!
G ,
we are reduced to show the following diagram is commutative
f˚pf
˚F bL pg˚Rg
!pRf !G qqq
adj

„ // F bL f˚pg˚Rg!pRf !G qq
adj

f˚pf
˚F bL Rf !G q
„ // F bL f˚pRf !G q
which is obvious.
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Diagram (3.4.1) induces a commutative diagram
(3.4.2) HipX, f˚F q ˆHjW pY,G q
YW //

H
i`j
W pY,F b
L G q

HipX, f˚F q ˆHjXpY,G q
Y // Hi`jX pY,F b
L G q
where YW is defined by the upper horizontal arrows of (3.4.1).
3.5. Let f : X Ñ Y be a morphism of k-schemes, F an object of D´pX,Λq and G an object of
D`pY,Λq. We have a canonical isomorphism ([10] XVIII 3.1.10, [7] 8.4)
(3.5.1) Rf˚RHompF , Rf
!
G q
„
ÝÑ RHompRf!F ,G q.
Taking G “ KY , we obtain an isomorphism (2.2)
(3.5.2) Rf˚pDXpF qq
„
ÝÑ DY pRf!F q.
3.6. For a morphism f : X Ñ Y of k-schemes and two objects F and G of DbctfpY,Λq, we recall
the definition of the canonical isomorphism ([10] XVIII 3.1.12.2, [7] 8.4.7)
(3.6.1) RHompf˚F ,Rf !G q
„
ÝÑ Rf !RHompF ,G q.
By the inverse of the projection formula (3.2.1), we have a canonical isomorphism
F bL Rf!RHompf
˚
F , Rf !G q
„
ÝÑ Rf!pf
˚
F bL RHompf˚F ,Rf !G qq.
Composing with the canonical morphisms
Rf!pf
˚
F bL RHompf˚F ,Rf !G qq Ñ Rf!Rf
!
G Ñ G ,
we obtain a morphism
F bL Rf!RHompf
˚
F ,Rf !G q Ñ G .
It induces the map (3.6.1) by adjunction. Taking G “ KY , we obtain a canonical isomorphism
(3.6.2) DXpf
˚
F q
„
ÝÑ Rf !pDY pF qq.
3.7. For two k-schemes X and Y and objects F and G of DbctfpX,Λq and D
b
ctfpY,Λq, a canonical
isomorphism
(3.7.1) RHomppr˚2G ,Rpr
!
1F q
„
ÝÑ F bL DY pG q
is defined in ([11] III 3.1.1).
Let g : X Ñ X and h : Y Ñ Y be open immersions. By (3.7.1), (3.5.2) and the Künneth
formula, we have a canonical isomorphism on X ˆk Y
RHomppr˚2h!G ,Rpr
!
1g!F q
„
ÝÑ pg!F q b
L
DY ph!G q
„
ÝÑ pg!F q b
L pRh˚pDY pG qqq(3.7.2)
„
ÝÑ pg ˆ 1q!pRp1ˆ hq˚pF b
L
DY pG qqq
„
ÝÑ pg ˆ 1q!pRp1ˆ hq˚RHomppr
˚
2G ,Rpr
!
1F qq.
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3.8. Let f : X Ñ Y be a flat morphism of k-schemes with fibers of equidimension d and F an
object of DbctfpY,Λq. We have a canonical trace map ([10] XVIII 2.9)
Trf : Rf!f
˚
F pdqr2ds Ñ F .
Its adjoint
(3.8.1) tf : f
˚
F pdqr2ds Ñ Rf !F
is called the class map ([10] XVIII 3.2.3). If f is smooth, tf (3.8.1) is an isomorphism (Poincaré
duality) ([10] XVIII 3.2.5, [7] 8.5.2).
3.9. Let f : X Ñ Y be a morphism of smooth k-schemes with the same equidimension d. For any
object F of DbctfpY,Λq, we recall the definition of the canonical map ([4] (1.9))
(3.9.1) f˚F Ñ Rf !F .
The map f is the composition of the graph Γf : X Ñ X ˆk Y of f and the projection pr2 :
X ˆk Y Ñ Y . Since Γf is a section of the projection pr1 : X ˆk Y Ñ X , there exists a canonical
isomorphism ΛÑ Rf !Λ defined as the composition
Λ
„
ÝÑ RΓ!fRpr
!
1Λ
„
ÝÑ RΓ!fΛpdqr2ds
„
ÝÑ RΓ!fRpr
!
2Λ
„
ÝÑ Rf !Λ,
where the second and the third arrows are induced by Poincaré duality. Then, the canonical map
(3.3.1) induces (3.9.1).
3.10. Let V be a k-scheme, Z an integral closed subscheme of V of equidimension d. The canonical
class map Λpdqr2ds Ñ KZ induces a morphism
(3.10.1) H0pZ,Λq Ñ H´2dZ pV,KV p´dqq.
The cycle class rZs P H´2dZ pV,KV p´dqq is defined as the image of 1 P H
0pZ,Λq by the map (3.10.1).
We obtain a homomorphism ZdpV q Ñ H
´2dpV,KV p´dqq, where ZdpV q denotes the free abelian
group generated by integral closed subschemes of equidimension d of V . This map factors through
the Chow group CHdpV q, and induces the cycle map
(3.10.2) cl : CHdpV q Ñ H
´2dpV,KV p´dqq.
If V is a closed subscheme of a smooth k-scheme X of dimension d` c, by Poincaré duality, we
have
H´2dpV,KV p´dqq
„
ÝÑ H´2dV pX,KXp´dqq
„
ÝÑ H2cV pX,Λpcqq.
Let Y be another smooth k-scheme of dimension e ` c, f : X Ñ Y a k-morphism and W a
closed subscheme of Y such that f´1pW q is a closed subscheme of V . By ([14] 2.1.2), we have a
commutative diagram
(3.10.3) CHepW q
cl //
f !

H2cW pY,Λpcqq
f˚

CHdpV q
cl // H2cV pX,Λpcqq
where the map f ! denotes the refined Gysin homomorphism ([8] 6.6).
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3.11. Let X be a k-scheme, Z a closed subscheme of X , V “ X ´ Z the complementary open
subscheme of Z in X , U an open subscheme of X , i : Z Ñ X , j : V Ñ X , iU : Z X U Ñ U and
jU : U X V Ñ U the canonical injections, and F an object of D
b
ctfpX,Λq. Assume that for any
integer q, H qpF q|U is locally constant and constructible. Then, we have a canonical isomorphism
([7] 6.5.5)
pF |U q b
L RjU˚Λ
„
ÝÑ RjU˚j
˚
U pF |U q.
Since Ri!URjU˚ “ 0 (3.1.5), we have Ri
!
U ppF |U q b
L RjU˚Λq “ 0. In particular, for any integer q,
the canonical map
H
q
Z´U pX,F b
L Rj˚pΛV qq Ñ H
q
ZpX,F b
L Rj˚pΛV qq
is an isomorphism ([23] Lemma 3.1).
3.12. Let X be a k-scheme, Z a closed subscheme of X , V “ X ´ Z the complementary open
subscheme of Z in X , i : Z Ñ X and j : V Ñ X the canonical injections, and F an object of
D´pX,Λq. Applying the functor Ri!pF bL ´q to the distinguished triangle i˚Ri
!ΛX Ñ ΛX Ñ
Rj˚ΛV Ñ, we obtain a distinguished triangle ([23] Lemma 3.5)
(3.12.1) i˚F bL Ri!pΛXq
a
ÝÑ Ri!F
b
ÝÑ Ri!pF bL Rj˚pΛV qq Ñ,
where a is the map (3.3.1). We denote the functor Ri!p´ bL Rj˚pΛV qq : D
´pX,Λq Ñ D´pZ,Λq
by ∆ip´q.
3.13. Let X be a k-scheme, δ : X Ñ X ˆk X the diagonal map and S a closed subscheme of X
such that its complement is dense in X . Consider the composed map
(3.13.1) KX Ñ Rδ
!δ˚KX Ñ ∆δpδ˚pKXqq,
where the first arrow is the adjunction map and the second arrow is b in (3.12.1). If X is an
equidimensional smooth k-scheme, the following map induced by (3.13.1) is an isomorphism ([4]
5.2)
(3.13.2) H0SpX,KXq
„
ÝÑ H0SpX,∆δpδ˚pKXqqq.
4. Cohomological correspondences
Definition 4.1 ([11] III 3.2, [4],1.2.1). Let X and Y be two k-schemes. A correspondence between
X and Y is a k-scheme C equipped with k-morphisms c1 : C Ñ X and c2 : C Ñ Y . Let F
and G be objects of DbctfpX,Λq and D
b
ctfpY,Λq, respectively. A cohomological correspondence is a
morphism u : c˚2G Ñ Rc
!
1F from G to F on C.
We switch the factors compared to ([11] III 3.2).
4.2. Let X and Y be two k-schemes and pC, c1 : C Ñ X, c2 : C Ñ Y q a correspondence between
X and Y . We denote by c the map pc1, c2q : C Ñ X ˆk Y and by pr1 : X ˆk Y Ñ X and
pr2 : XˆkY Ñ Y the canonical projections. Let F and G be objects of D
b
ctfpX,Λq and D
b
ctfpY,Λq,
respectively. We have a canonical isomorphism (3.6.1)
RHompc˚2G ,Rc
!
1F q
„
ÝÑ Rc!RHomppr˚2G ,Rpr
!
1F q.
Taking global sections on C, we get a canonical isomorphism
(4.2.1) Hompc˚2G ,Rc
!
1F q
„
ÝÑ H0pC,Rc!RHomppr˚2G , Rpr
!
1F qq,
which shows that cohomological correspondences u : c˚2G Ñ Rc
!
1F are in one to one corre-
spond with morphisms ΛC Ñ Rc
!RHomppr˚2G ,Rpr
!
1F q, and hence with morphisms Rc!pΛCq Ñ
RHomppr˚2G ,Rpr
!
1F q by adjunction.
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If c : C Ñ X ˆk Y is a closed immersion, and X and Y are smooth k-schemes of dimension d,
we have
H0pC,Rc!RHomppr˚2G ,Rpr
!
1F qq
„
ÝÑ H2dC pX ˆk Y,RHomppr
˚
2G , pr
˚
1F qpdqq.
If we further assume that F and G are sheaves of free Λ-modules and that G is locally constant
and constructible. Then the canonical map c˚RHomppr˚2G , pr
˚
1F q Ñ RHompc
˚
2G , c
˚
1F q is an
isomorphism, and we have
Hompc˚2G , c
˚
1F q
„
ÝÑ H0pC, c˚RHomppr˚2G , pr
˚
1F qq.
Then, the cycle class map CHdpCq Ñ H
2d
C pX ˆk Y,Λpdqq induces a pairing
CHdpCq bHompc
˚
2G , c
˚
1F q Ñ H
2d
C pX ˆk Y,Λpdqq bH
0pC, c˚RHomppr˚2G , pr
˚
1F qq
Y
ÝÑ H0CpX ˆk Y,RHomppr
˚
2G ,Rpr
!
1F qq “ Hompc
˚
2G ,Rc
!
1F q.
In this case, for a cycle class Γ P CHdpCq and a homomorphism γ : c
˚
2G Ñ c
˚
1F , the pair pΓ, γq
induces a cohomological correspondence upΓ, γq from F to G on C.
4.3. We consider a commutative diagram of k-schemes
(4.3.1) X
f

C
c2 //c1oo
h

Y
g

X 1 C 1
c12 //c
1
1oo Y 1
and let F and G be objects of DbctfpX,Λq and D
b
ctfpY,Λq, respectively. By (3.5.2), (3.7.1) and the
Künneth formula, we have a canonical isomorphism
(4.3.2) Rpf ˆ gq˚RHomppr
˚
2G ,Rpr
!
1F q
„
ÝÑ RHomppr˚2Rg!G ,Rpr
!
1Rf˚F q.
Diagram (4.3.1) gives a commutative diagram
C
h

c // X ˆk Y
fˆg

C 1
c1 // X 1 ˆk Y 1
We assume that f , g and h are proper. A cohomology correspondence u : c˚2G Ñ Rc
!
1F is identified
with a map u : ΛC Ñ Rc
!RHomppr˚2G ,Rpr
!
1F q (4.2). It induces a map
(4.3.3) ΛC1 Ñ Rh˚Rc
!RHomppr˚2G ,Rpr
!
1F q.
The base change map (3.1.3) gives
(4.3.4) Rh˚Rc
! “ Rh!Rc
! Ñ Rc1!Rpf ˆ gq! “ Rc
1!Rpf ˆ gq˚.
Composing (4.3.2), (4.3.3) and (4.3.4), we obtain a map
ΛC1 Ñ Rc
1!Rpf ˆ gq˚RHomppr
˚
2G , Rpr
!
1F q
„
ÝÑ Rc1!RHomppr˚2Rg!G ,Rpr
!
1Rf˚F q.
By (4.2.1), we obtain a map
c1˚2 Rg!G “ c
1˚
2 Rg˚G Ñ Rc
1!
1Rf˚F ,
which is a correspondence form Rg˚G to Rf˚F on C
1, that we denote by h˚puq and call the
push-forward of u by h. The map h˚puq is equal to the composition of the maps
c1˚2 Rg˚G Ñ Rh˚c
˚
2G
Rh˚puq
ÝÝÝÝÝÑ Rh˚Rc
!
1F Ñ Rc
1!
1Rf˚F ,
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where the left and right arrows are the base change maps.
4.4. We consider a commutative diagram of k-schemes
(4.4.1) U
jU

C 1
c12 //
jC

c11oo V
jV

X C
c2 //c1oo Y
where all the vertical arrows are open immersions. Let F and G be objects of DbctfpX,Λq and
DbctfpY,Λq, respectively, and u : c
˚
2G Ñ Rc
!
1F a cohomological correspondence on C. Denote
by FU and GV the restrictions of F and G to U and V , respectively. We have Rj
!
C “ j
˚
C and
Rj!U “ j
˚
U . Hence, the restriction u
1 of u to C 1 defines a cohomological correspondence
(4.4.2) u1 : c1˚2 pGV q “ j
˚
Cc
˚
2G
j˚
C
puq
ÝÝÝÑ j˚CRc
!
1F “ Rc
1!
1pFU q.
We denote by j the map jU ˆ jV : U ˆk V Ñ X ˆk Y , by c the map pc1, c2q : C Ñ X ˆk Y and
by c1 the map pc11, c
1
2q : C
1 Ñ U ˆk V . We have a commutative diagram
(4.4.3) C 1
c1 //
jC

U ˆk V
j

C
c // X ˆk Y
The base change map (3.1.3) gives a canonical morphism
(4.4.4) Rc1!pΛC1q “ Rc
1
!Rj
!
CpΛCq Ñ Rj
!Rc!pΛCq “ j
˚Rc!pΛCq.
Put
H
1 “ RHomppr˚2 pGV q,Rpr
!
1pFU qq on U ˆk V,(4.4.5)
H “ RHomppr˚2G ,Rpr
!
1F q on X ˆk Y.(4.4.6)
By (4.2), we identify a cohomological correspondence u : c˚2G Ñ Rc
!
1F with a map u : ΛC Ñ Rc
!H
and also with the associated map u : Rc!pΛCq Ñ H . We identify the restriction u
1 : c1˚2 pGV q Ñ
Rc1!1pFU q of u with a map u
1 : ΛC1 Ñ Rc
1!pH 1q also with the associated map u1 : Rc1!pΛC1q Ñ H
1.
Since Rj!U “ j
˚
U and Rj
! “ j˚, by (3.6.1), we have a canonical isomorphism
(4.4.7) j˚H
„
ÝÑ H 1.
Lemma 4.5 ([4] Lemma 1.2.2). We take the notation and assumptions of (4.4). Then,
1. The map u1 : ΛC1 Ñ Rc
1!pH 1q coincides with the restriction of u : ΛC Ñ Rc
!H to C 1 by
the composed isomorphism j˚CRc
!H “ Rj!CRc
!H Ñ Rc1!Rj!H “ Rc1!j˚H “ Rc1!pH 1q.
2. The following diagram is commutative
(4.5.1) j˚Rc!pΛCq
j˚u // j˚H
(4.4.7)

Rc1!pΛC1q
(4.4.4)
OO
u1 // H 1
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Lemma 4.6 ([4] Lemma 1.2.3). Consider diagram (4.4.1) again and assume moreover that its right
square is Cartesian. Let F 1 and G 1 be objects of DbctfpU,Λq and D
b
ctfpV,Λq, and u
1 : c1˚2 pG
1q Ñ
Rc1!1pF
1q a cohomological correspondence on C 1. Then, there exist a unique cohomological corre-
spondence u : c˚2 jV !pG
1q Ñ Rc!1jU !pF
1q on C such that its restriction to C 1 is u1.
We call u in (4.6) the extension by zero of u1 and denote it by jC!u
1.
4.7. Let X , X 1, Y , Y 1 be smooth equidimensional k-schemes such that dimX “ dimX 1 and
dimY “ dimY 1, f : X 1 Ñ X and g : Y 1 Ñ Y morphisms of k-schemes, pC, c1 : C Ñ X, c2 :
C Ñ Y q a correspondence between X and Y , and F and G objects of DbctfpX,Λq and D
b
ctfpX,Λq,
respectively. We denote by c the map pc1, c2q : C Ñ X ˆk Y . By (3.6.1) and (3.9.1), we have a
map
pf ˆ gq˚RHomppr˚2G ,Rpr
!
1F q Ñ Rpf ˆ gq
!RHomppr˚2G ,Rpr
!
1F q(4.7.1)
Ñ RHomppr˚2 g
˚
G ,Rpr!1Rf
!
F q.
Let u : c˚2G Ñ Rc
!
1F be a cohomological correspondence on C, that we identify with a map
u : Rc!ΛC Ñ RHomppr
˚
2G ,Rpr
!
1F q. We define a correspondence c
1 “ pc11, c
1
2q : C
1 Ñ X 1 ˆk Y
1 by
the Cartesian diagram
C 1
l
c1 //
h

X 1 ˆk Y
1
fˆg

C
c // X ˆk Y
By the proper base change theorem, the base change map pf ˆ gq˚Rc!ΛC Ñ Rc
1
!ΛC1 is an isomor-
phism. The composed map
Rc1!pΛC1q
„
ÝÑ pf ˆ gq˚Rc!pΛCq Ñ pf ˆ gq
˚RHomppr˚2G ,Rpr
!
1F q
Ñ RHomppr˚2 g
˚
G ,Rpr!1Rf
!
F q,
where the first arrow is the inverse of the base change isomorphism, corresponds to a cohomological
correspondence
pf ˆ gq˚puq : c1˚2 g
˚
G Ñ Rc1!1Rf
!
F ,
called the pull-back of u by f ˆ g.
4.8. Let X be a k-scheme, F an object of DbctfpX,Λq. We denote by δ : X Ñ XˆkX the diagonal
map and put H “ RHomppr˚2F ,Rpr
!
1F q. The canonical isomorphism H
„
ÝÑ F bL DXpF q
(3.7.1) induces an isomorphism
δ˚H
„
ÝÑ F bL DXpF q.
Composed with the evaluation map F bL DXpF q Ñ KX , we get a map
(4.8.1) ev : δ˚H Ñ KX ,
that we also call the evaluation map.
Let C be a closed subscheme of X ˆk X and u a cohomological correspondence of F on C. We
denote by c : C Ñ X ˆk X the canonical injection. By (4.2), u corresponds to a section
u P H0pC,Rc!H q “ H0CpX ˆk X,H q.
We call the image of u by the following composed maps
H0CpX ˆk X,H q
δ˚
ÝÝÑ H0CXXpX, δ
˚
H q
ev
ÝÑ H0CXXpX,KXq
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the characteristic class of the cohomological correspondence u, and denote it by CpF , C, uq P
H0CXXpX,KXq ([11] III, [4] 2.1.8). If C “ δpXq, and u : F Ñ F is an endomorphism (resp. the
identity of F ), we abbreviate the notation of the characteristic class of u by CpF , uq P H0pX,KXq
(resp. CpF q P H0pX,KXq, and call it the characteristic class of F ).
4.9. Let X be a k-scheme, U an open subscheme of X , and F an object of DbctfpU,Λq. We denote
by j : U Ñ X the canonical open immersion, and by δ : X Ñ X ˆk X and δU : U Ñ U ˆk U the
diagonal maps. Put
H “ RHomppr˚2F ,Rpr
!
1F q on U ˆk U,
H “ RHomppr˚2 j!F ,Rpr
!
1j!F q on X ˆk X.
By (3.7.1) and the projection formula for j! (3.2.1), we have
δ˚pH q – pj!F q b
L
Dpj!F q – j!pF b
L
DpF qq – j!pδ
˚
UH q.
Then, the evaluation map ev : δ˚UH Ñ KU (4.8.1) induces a map
ev1 : δ˚pH q Ñ j!pKU q.
Let C be a closed subscheme of U ˆk U and u a cohomological correspondence of F on C. We
denote by C the closure of C in X ˆk X . We have a commutative diagram
C
c //
jC

U ˆk U
jˆj

C
c // X ˆk X
where j, c and c are the canonical injections. Assume C “ pX ˆk Uq X C. The extension by zero
jC!puq of u (4.6) corresponds, by (4.2), to a section
jC!puq P H
0pC,Rc!pH qq “ H0
C
pX ˆk X,H q.
We denote by C!pj!F , C, jC!puqq the image of jC!puq by the composed map
H0
C
pX ˆk X,H q
δ˚
ÝÝÑ H0
CXX
pX, δ˚pH qq
ev1
ÝÝÑ H0
CXX
pX, j!pKU qq.
By ([4] 2.1.7), the characteristic class CpjU !F , C, jC!puqq P H
0
CXX
pX,KXq is the canonical image
of C!pj!F , C, jC!puqq.
4.10. Let X be an equidimensional smooth k-scheme, S a closed subscheme of X , U “ X ´ S
the complementary open subscheme of S in X that we assume to be dense in X , j : U Ñ X the
canonical injection, δ : X Ñ X ˆk X the diagonal map, and F an object of D
b
ctfpX,Λq such that
for any integer q, H qpF q|U is locally constant. Put H “ RHomppr
˚
2F ,Rpr
!
1F q on X ˆk X , we
have Rδ!H
„
ÝÑ RHompF ,F q (3.6.1). Hence idF P EndpF q corresponds to a map ΛX Ñ Rδ
!H ,
and by adjunction to a map δ˚ΛX Ñ H . Let ev
1 : H Ñ δ˚KX be the adjoint of the evaluation
maps (4.8.1). Applying the functor ∆δ (3.13) to the composition of the two morphisms above, we
obtain a map
(4.10.1) ∆δpδ˚pΛXqq Ñ ∆δpH q
∆δpev
1q
ÝÝÝÝÝÑ ∆δpδ˚pKXqq.
Since, for each integer q, H qpH q|UˆkU is locally constant and constructible, by (3.11), we have
(4.10.2) H0SpX,∆δpH qq
„
ÝÑ H0pX,∆δpH qq.
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Hence, the canonical map ΛX “ Rδ
!δ˚ΛX Ñ ∆δpδ˚ΛXq, (4.10.1), (4.10.2) and the inverse of
(3.13.2) define a map
H0pX,ΛXq Ñ H
0pX,∆δpH qq
„
ÝÑ H0SpX,∆δpH qq Ñ H
0
SpX,∆δpδ˚KXqq
„
ÝÑ H0SpX,KXq.
We denote the image of 1 P H0pX,ΛXq in H
0
SpX,KXq by C
0
SpF q and call it the localized character-
istic class of F ([4] 5.2). In [23], the author gave another definition of the localized characteristic
class and proved that the two definitions are equivalent.
5. Ramification of ℓ-adic sheaves
5.1. Let K be a complete discrete valuation field, OK the integer ring, F the residue field of OK ,
K a separable closure of K, and GK the Galois group of K over K. Abbes and Saito defined
two decreasing filtrations GrK and G
r
K,log (r P Qą0) of GK by closed normal subgroups called the
ramification filtration and the logarithmic ramification filtration, respectively ([2], 3.1, 3.2). We
denote by G0K,log the inertia subgroup of GK . For any r P Qě0, we put
Gr`K,log “
ď
sPQąr
GsK,log and Gr
r
logGK “ G
r
K,log
L
Gr`K,log.
By ([2] 3.15), P “ G0`K,log is the wild inertia subgroup of GK , i.e. the p-Sylow subgroup of G
0
K,log.
For every rational number r ą 0, the group GrrlogGK is abelian and is contained in the center of
P {Gr`K,log ([3] Theorem 1).
5.2. Let L be a finite separable extension of K. For a rational number r ě 0, we say that the
logarithmic ramification of L{K is bounded by r (resp. by r`) if GrK,log (resp. G
r`
K,log) acts trivially
on HomKpL,Kq via its action on K. The logarithmic conductor c of L{K is defined as the infimum
of rational numbers r ą 0 such that the logarithmic ramification of L{K is bounded by r. Then c
is a rational number and the logarithmic ramification of L{K is bounded by c` ([2] 9.5). If c ą 0,
the logarithmic ramification of L{K is not bounded by c.
Lemma 5.3 ([16] 1.1). Let M be a Λ-module on which P “ G0`K,log acts Λ-linearly through a finite
discrete quotient, say by ρ : P Ñ AutΛpMq. Then,
(i) The module M has a unique direct sum decomposition
(5.3.1) M “
à
rPQě0
M prq
into P -stable submodules M prq, such that M p0q “MP and for every r ą 0,
pM prqqG
r
K,log “ 0 and pM prqqG
r`
K,log “M prq.
(ii) If r ą 0, then M prq “ 0 for all but the finitely many values of r for which ρpGr`K,logq ‰
ρpGrK,logq.
(iii) For any r ě 0, the functor M ÞÑM prq is exact.
(iv) For M , N as above, we have HomP´ModpM
prq, N pr
1qq “ 0 if r ‰ r1.
5.4. The decomposition (5.3.1) is called the slope decomposition ofM . The values r ě 0 for which
M prq ‰ 0 are called the slopes of M . We say that M is isoclinic if it has only one slope. If M is
isoclinic of slope r ą 0, we have a canonical central character decomposition
M “ ‘χMχ,
where the sum runs over finite characters χ : GrrlogGK Ñ Λ
ˆ
χ such that Λχ is a finite étale Λ-algebra
([5] 6.7).
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5.5. We assume that K has characteristic p and that F is of finite type over k. Let Ω1F plogq be
the F -vector space
Ω1F plogq “ pΩ
1
F {k ‘ pF bZ K
ˆqq{pda¯´ a¯b a ; a P OˆKq,
where a denotes the residue class of an element a P F . We denote by OK the integral closure
of OK in K, F the residue field of OK and by v the valuation of K normalized by vpK
ˆq “ Z.
For a rational number r, we put mr
K
(resp. mr`
K
) the set of elements of K such that vpxq ě r
(resp. vpxq ą r). For any rational number r ą 0, GrrlogGK is a Fp-vector space, and there exists a
canonical injective homomorphism, called the refined Swan conductor ([18] 1.24),
(5.5.1) rsw : HomFppGr
r
logGK ,Fpq Ñ Ω
1
F plogq bF m
´r
K
{m´r`
K
.
5.6. Let X be a smooth k-scheme, D a divisor with simple normal crossing on X , tDiuiPI the
irreducible components of D. A rational divisor on X with support in D is an element R “ř
iPI riDi of the Q-vector space generated by tDiuiPI . We say that R is effective if ri ě 0 for all
i. We call generic points of R the generic points of the Di’s such that ri ‰ 0. We denote by tnRu
the divisor
ř
iPI tnriuDi on X , where tnriu is the integral part of nri. For two rational divisors R
and R1 with support in D, we say that R1 is bigger than R and use the notation R1 ě R if R1 ´R
is effective.
Let u : P Ñ X a smooth separated morphism of finite type, s : X Ñ P a section of u and R
an effective rational divisor with support on D. Put U “ X ´D and denote by j : U Ñ X and
jP : PU “ u
´1pUq Ñ P the canonical injections and by IX the ideal sheaf of OP associated to
s. We call dilatation of P along s of thickening R and denote by P pRq the affine scheme over P
defined by the quasi-coherent sub-OP -algebra of jP˚pOPU q
(5.6.1)
ÿ
ně0
u˚pOXptnRuqq ¨I
n
X .
The image of the algebra (5.6.1) by the surjective homomorphism jP˚pOPU q Ñ s˚j˚pOU q is canon-
ically isomorphic to s˚pOXq. Hence we have a canonical section
spRq : X Ñ P pRq
lifting s ([5] 5.26).
5.7. In the following of this section, let X be a smooth k-scheme, D a divisor with simple normal
crossing on X , tDiuiPI the irreducible components of D, and j : U “ X ´D Ñ X the canonical
injection. We denote by pX ˆk Xq
1
i the blow-up of X ˆk X along Di ˆi Di, by pX ¸k Xqi the
complement of the proper transform of D ˆk X in pX ˆk Xq
1
i and by pX ˚k Xqi the complement
of the proper transform of DiˆkX and X ˆkDi in pX ˆkXq
1
i. We denote by pX ˆkXq
1 the fiber
product of tpX ˆkXq
1
iuiPI over X ˆkX , which is also the blow-up of X ˆkX along tDiˆkDiuiPI
([18] §2.3). We denote by X ¸k X the fiber product of tpX ¸k XqiuiPI that we call the left-framed
self-product of X along D. We denote by X˚kX the fiber product of tpX˚kXqiuiPI over XˆkX ,
which is the open subscheme of pX ˆk Xq
1 obtained by removing the strict transforms of D ˆk X
and X ˆk D in pX ˆk Xq
1, that we call the framed self-product of X along D ([5] 5.22).
By the universality of the blow-up, the diagonal map δ : X Ñ XˆkX induces closed immersions
that we denote by
δ1 : X Ñ pX ˆk Xq
1 and rδ : X Ñ X ˚k X.
We consider X ˚k X as an X-scheme by the second projection. This projection is smooth ([18]
§2.3).
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We denote by D1i the pull-back of δpDiq by the canonical projection pX ˆk Xq
1
i Ñ X ˆk X and
by D1 the pull-back of δpDq by the canonical projection pX ˆk Xq
1 Ñ X ˆk X . By definition,
D1i Ñ Di is a P
1-bundle. For a subset J of I, we put DJ “
Ş
iPJ Di and denote by nJ the
cardinality of J . Since pX ˆk Xq
1 is the fiber product of tpX ˆk Xq
1
iuiPI over X ˆk X , D
1 is the
union of pP1qnJ -bundles over DJ ([23] 3.12).
We denote by rDi the pull-back of δpDiq by the canonical projection pX ˚k Xqi Ñ X ˆk X and
by rD the pull-back of δpDq by the canonical projection X˚kX Ñ XˆkX . By definition, rDi Ñ Di
is a Gm-bundle. Since X ˚kX is the fiber product of tpX ˚kXqiuiPI over X ˆkX , rD is the union
of pGmq
nJ -bundles over DJ ([22] 2.1).
5.8. For any effective rational divisor R on X with support on D, we denote by pX ˚k Xq
pRq
the dilatation of X ˚k X along rδ of thickening R (5.6 and 5.7). If we consider X ˚k X as an
X-scheme by the first projection, then the dilatation of X ˚k X along rδ of thickening R is equal
to pX ˚k Xq
pRq ([5] 5.31). There is a canonical morphism
δpRq : X Ñ pX ˚k Xq
pRq
lifting rδ, and a canonical open immersion
jpRq : U ˆk U Ñ pX ˚k Xq
pRq.
Moreover, the following diagram
(5.8.1) U
l
δU //
j

U ˆk U
jpRq

X
δpRq // pX ˚k XqpRq
is Cartesian.
If R has integral coefficients, then the canonical projection pX ˆk Xq
pRq Ñ X is smooth ([5]
4.6) and we have a canonical R-isomorphism ([5] 4.6.1)
(5.8.2) pX ˚k Xq
pRq ˆX R
„
ÝÑ VpΩ1X{kplogDq bOX OXpRqq ˆX R.
5.9. Let F be a locally constant constructible sheaf of Λ-modules on U , R an effective rational
divisor on X with support on D, and x a geometric point of X . Put H “ Homppr˚2F , pr
˚
1F q on
U ˆk U . Then the base change map
(5.9.1) α : δpRq˚j
pRq
˚ pH q Ñ j˚δ
˚
U pH q “ j˚pE ndpF qq
relatively to the Cartesian diagram (5.8.1) is injective ([5] 8.2). We say that the ramification of F
at x is bounded by R` ([5] 8.3) if F satisfies the following equivalent conditions ([5] 8.2):
(i) The stalk αx of the morphism α (5.9.1) at x is an isomorphism.
(ii) The image of idF in j˚pE ndpF qqx is contained in the image of αx.
We say that the ramification of F along D is bounded by R` ([5] 8.3) if the ramification of F at
x is bounded by R` for every geometric point x P X .
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5.10. Let F be a locally constant constructible sheaf of Λ-modules on U , R an effective rational
divisor on X with support in D, ξ a generic point of D, ξ a geometric point of X above ξ, Xpξq
the corresponding strictly local scheme, η its generic point and r the multiplicity of R at ξ. Then
the following conditions are equivalent ([5] 8.8):
(i) The ramification of F at ξ is bounded by R`.
(ii) The sheaf F |η is trivialized by a finite étale connected covering η
1 of η such that the
logarithmic ramification of η1{η is bounded by r` (5.2).
The conductor of F at ξ is defined to be the minimum of the set of rational numbers r ě 0
such that F |η is trivialized by a finite étale connected covering η
1 of η and that the logarithmic
ramification of η1{η is bounded by r` (5.2). The conductor of F relatively to X is defined to be
the effective rational divisor on X with support in D whose multiplicity at any generic point ξ of
D is the conductor of F at ξ ([5] 8.10).
Definition 5.11 ([12] 2.6). Let Y be a k-scheme, Z a closed subscheme of Y , V “ Y ´ Z the
complementary open subscheme of Z in Y that is connected and smooth over Specpkq and F
a locally constant and constructible sheaf of Λ-modules on V . For any geometric point y of Y ,
Ypyq denotes the strict localization of Y at y. Then F is tamely ramified along Z if the following
equivalent conditions are satisfied:
(i) For each geometric point y of Y and each geometric point x P Ypyq ˆX V , the p-sylow
sub-groups of the étale fundamental group π1pYpyq ˆY V, xq act trivially on Fx.
(ii) For each geometric point y of Y , there exists an étale neighborhood W of y and a Galois
étale covering T of W ˆY V of order prime to p, such that the pull-back of F on T is a
constant sheaf.
Moreover, if Y is smooth over Specpkq and Z is a divisor with simple normal crossing on Y , F is
tamely ramified along Z if and only if
(iii) For any geometric point ξ of Z localized at a generic point of Z, the pull-back of F on the
generic point of the trait Xpξq is tamely ramified in the usual sense.
Lemma 5.12 ([18] 2.21). Let F be a locally constant and constructible sheaf of Λ-modules on U .
Then the following conditions are equivalent:
(i) F is tamely ramified along D.
(ii) The conductor of F vanishes.
(iii) The ramification of F along D is bounded by 0`.
5.13. Let F be a locally constant and constructible sheaf of Λ-modules on U . Let ξ be a generic
point of D, Xpξq the henselization of X at ξ, ηξ the generic point of Xpξq, ηξ a geometric generic
point of Xpξq and Gξ the Galois group of ηξ over ηξ. We say that F is isoclinic at ξ if the
representation Fηξ of Gξ is isoclinic (5.4). We say that F is isoclinic along D if it is isoclinic at
all generic points of D ([5] 8.22).
6. Clean ℓ-adic sheaves and characteristic cycles
Definition 6.1 ([5] 3.1). Let X be a k-scheme, π : E Ñ X a vector bundle, and F a constructible
sheaf of Λ-modules on E. We say that F is additive if for every geometric point x of X and for
every e P Epxq, denoting by τe the translation by e on Ex “ E ˆY x, τ
˚
e pF |Exq is isomorphic to
F |Ex .
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6.2. Let Lψ be the Artin-Schreier sheaf of Λ-modules of rank 1 over the additive group scheme
A1Fp over Fp, associated to the character ψ (2.2) ([17] 1.1.3). If µ : A
1
Fp
ˆFp A
1
Fp
Ñ A1Fp denotes the
addition, we have an isomorphism
µ˚Lψ
„
ÝÑ pr˚1Lψ b pr
˚
2Lψ.
Hence, Lψ is additive (6.1). If f : X Ñ A
1
Fp
is a morphism of schemes, we put Lψpfq “ f
˚Lψ.
6.3. Let X be a k-scheme, π : E Ñ X a vector bundle of constant rank d and πˇ : Eˇ Ñ X its dual
bundle. We denote by x , y : E ˆX Eˇ Ñ A
1
Fp
the canonical pairing, by pr1 : E ˆX Eˇ Ñ E and
pr2 : E ˆX Eˇ Ñ Eˇ the canonical projections and by
Fψ : D
b
cpE,Λq Ñ D
b
cpEˇ,Λq
the Fourier-Deligne transform defined by ([17] 1.2.1.1)
FψpKq “ Rpr2!ppr
˚
1K bLψpx , yqq.
Let π5 : E5 Ñ X be the bidual vector bundle of π : E Ñ X , a : E Ñ E5 the anti-canonical
isomorphism defined by apxq “ ´xx, y, and F_ψ the Fourier-Deligne transform for πˇ : Eˇ Ñ X . For
every object K of DbcpE,Λq, we have a canonical isomorphism ([17] 1.2.2.1)
(6.3.1) F_ψ ˝ FψpKq
„
ÝÑ a˚pKqp´dqr´2ds.
Let π1 : E1 Ñ X be a vector bundle of constant rank d1, F1ψ its Fourier-Deligne transform,
f : E Ñ E1 a morphism of vector bundles, and fˇ : Eˇ1 Ñ Eˇ its dual. For every object K 1 of
DbcpE
1,Λq, we have canonical isomorphisms ([5] 3.4.6, 3.4.7)
Rfˇ! ˝ F
1
ψpK
1qpd1qr2d1s
„
ÝÑ Fψ ˝ f
˚pK 1qpdqr2ds,(6.3.2)
Rfˇ˚ ˝ F
1
ψpK
1q
„
ÝÑ Fψ ˝Rf
!pK 1q.(6.3.3)
6.4. Let X be a k-scheme and K an object of DbcpX,Λq. The support of K is the subset of points
of X where the stalks of the cohomology sheaves of K are not all zero. It is constructible in X .
Proposition 6.5 ([5] 3.6). Let X be a k-scheme, π : E Ñ X a vector bundle of constant rank,
πˇ : Eˇ Ñ X its dual bundle, F a constructible sheaf of Λ-modules on E and S Ă Eˇ the support of
FψpF q. Then, F is additive if and only if for every x P X, the set S X Eˇx is finite.
Definition 6.6 ([5] 3.8). Let X be a k-scheme, π : E Ñ X a vector bundle of constant rank,
πˇ : Eˇ Ñ X its dual bundle, and F an additive constructible sheaf of Λ-modules on E. We call the
Fourier dual support of F the support of FψpF q in Eˇ. We say that F is non-degenerated if the
closure of its Fourier dual support does not meet the zero section of Eˇ.
If we replace ψ by aψ for an element a P Fˆp , then the Fourier dual support of F will be
replaced by its inverse image by the multiplication by a on Eˇ. In particular, the notion of being
non-degenerated dose not depend on ψ.
Lemma 6.7 ([18] 2.6). Let X be a k-scheme, π : E Ñ X a vector bundle of constant rank,
s : X Ñ E the zero section of π, µ : EˆX E Ñ E the addition and F and G constructible sheaves
of Λ-modules on E, where F is additive. Let e P ΓpX, s˚F q be a section and u : F b G Ñ µ˚G a
map such that the composed map
u|spXqˆE ˝ peˆ idG q : G Ñ s
˚
F b G Ñ G
is the identity. Then G is additive and the Fourier dual support of G is a subset of that of F .
18 HAOYU HU
Lemma 6.8 ([5] 3.10). Let X be a k-scheme, π : E Ñ X a vector bundle of constant rank, and F
an additive constructible sheaf of Λ-modules on E. If F is non-degenerate, Rπ˚F “ Rπ!F “ 0.
It follows form (6.3.1), (6.3.2) and (6.3.3) by applying f to the zero section of the dual bundle
Eˇ of E and K 1 “ FψpF q.
6.9. Let X be a connected smooth k-scheme of dimension d, D a divisor with simple normal
crossing on X , tDiuiPI the irreducible components of D, R an effective Cartier divisor of X with
support in D, U “ X ´D and V “ X ´ R the complementary open subschemes of D and R in
X respectively, j : U Ñ X , jV : V Ñ X and ν : U Ñ V the canonical injections. We denote by
X ˚k X (resp. V ˚k V ) the framed self-product of X along D (resp. of V along D X V ) (5.7), byrδ : X Ñ X ˚k X the canonical lifting of the diagonal δ : X Ñ X ˆk X (5.7) and by pX ˚k XqpRq
the dilatation of X ˚kX along rδ of thickening R, and we take the notation of (5.8). Moreover, we
denote by rν : U ˆk U Ñ V ˚k V and jpRqV : V ˚k V Ñ pX ˚k XqpRq
the canonical injections, by EpRq the vector bundle pX ˚kXq
pRqˆX R over R (5.8.2), and by Eˇ
pRq
its dual bundle.
Let F be a locally constant and constructible sheaf of free Λ-modules on U . We put
H “ Homppr˚2F , pr
˚
1F q
on U ˆk U .
Proposition 6.10 ([5] 8.15, 8.17). We keep the assumptions and notation of 6.9, moreover, we
assume that the ramification of F along D is bounded by R` (5.9). Then,
(i) j
pRq
˚ H |EpRq is additive. Let S
0
RpF q Ă Eˇ
pRq be its Fourier dual support.
(ii) S0RpF q is the underlying space of a closed subscheme of Eˇ
pRq which is finite over R.
Proposition 6.11. We keep the assumptions and notation of 6.9, moreover, we assume that the
ramification of F along D is bounded by R`. Then, for any integer q ě 0, Rqj
pRq
V ˚ prν˚pH qq|EpRq
is additive. Let SqRpF q Ă Eˇ
pRq be the Fourier dual support of Rqj
pRq
V ˚ prν˚pH qq|EpRq , we have
S
q
RpF q Ď S
0
RpF q.
Proof. We focus on the situation q ě 1 since the case q “ 0 is due to 6.10. For a scheme Y over
XˆkX , we denote by f1, f2 : Y Ñ X the maps induced by the projections pr1, pr2 : XˆkX Ñ X ,
respectively. We denote the fiber product Y ˆf2,X,f1 Y simply by Y ˆX Y .
By ([5] 5.34, [18] 2.24), there exists a morphism λ : pX ˚k Xq ˆX pX ˚k Xq Ñ X ˚k X that
lifts the composed map pX ˆk Xq ˆX pX ˆk Xq
„
ÝÑ X ˆk X ˆk X
pr13ÝÝÝÑ X ˆk X , and a smooth
morphism µ : pX ˚k Xq
pRq ˆX pX ˚k Xq
pRq Ñ pX ˚k Xq
pRq that makes the diagram
pX ˚k Xq
pRq ˆX pX ˚k Xq
pRq µ //

pX ˚k Xq
pRq

pX ˚k Xq ˆX pX ˚k Xq
λ // X ˚k X
commutative, where the vertical arrows are the canonical projections. Moreover, the pull-back of
µ by the canonical injection EpRq Ñ pX ˚k Xq
pRq
µpRq : EpRq ˆR E
pRq Ñ EpRq
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is the addition of the bundle EpRq ([5] 5.35). Hence, we have a canonical commutative diagram
with Cartesian squares
pU ˆk Uq ˆX pU ˆk Uq “ U ˆk U ˆk U
lν

pr13 // U ˆk U
jpRq

rν

pV ˚k V q ˆX pV ˚k V q
l
µV //
j
pRq
V

V ˚k V
j
pRq
V

pX ˚k Xq
pRq ˆX pX ˚k Xq
pRq µ // pX ˚k XqpRq
where ν and j
pRq
V are canonical injections. By adjunction, we have canonical maps
rν˚pH qbL rν˚pH q Ñ ν˚pH bH q,(6.11.1)
Rj
pRq
V ˚ prν˚pH qqbL RjpRqV ˚ prν˚pH qq Ñ RjpRqV ˚ prν˚pH qbL rν˚pH qq.(6.11.2)
On pU ˆk Uq ˆX pU ˆk Uq “ U ˆk U ˆk U , we have
H bH “ Homppr˚2F , pr
˚
1F q bHomppr
˚
3F , pr
˚
2F q,
that gives a map
(6.11.3) H bH Ñ Homppr˚3F , pr
˚
1F q “ pr
˚
13H .
Since µ is smooth, by the smooth base change theorem, we have an isomorphism
(6.11.4) µ˚pRj
pRq
V ˚ prν˚pH qqq „ÝÑ RjpRqV ˚ pν˚ppr˚13pH qqq.
The maps (6.11.1), (6.11.2), (6.11.3) and the inverse of (6.11.4) induce a map
(6.11.5) Rj
pRq
V ˚ prν˚pH qqbL RjpRqV ˚ prν˚pH qq Ñ µ˚pRjpRqV ˚ prν˚pH qqq.
Consider the following commutative diagram with Cartesian squares
U ˆU pU ˆk Uq
δUˆid //
rν

l
pU ˆk Uq ˆX pU ˆk Uq
ν

V ˆV pV ˚k V q
rδV ˆid //
j
pRq
V

l
pV ˚k V q ˆX pV ˚k V q
j
pRq
V

X ˆX pX ˚k Xq
pRq δ
pRqˆid// pX ˚k XqpRq ˆX pX ˚k XqpRq
Notice that µ˝pδpRqˆidq “ id ([5] 5.35). Pulling back (6.11.5) by δpRqˆid, we obtain a commutative
diagram
pδpRq ˆ idq˚pj
pRq
˚ pH qb R
qj
pRq
V ˚ prν˚pH qqq //
θ

pδpRq ˆ idq˚µ˚pRqj
pRq
V ˚ prν˚pH qqq
j˚δ
˚
U pH qb R
qj
pRq
V prν˚pH qq ϑ // RqjpRqV prν˚pH qq
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where θ is an isomorphism induced by the base change isomorphism (5.9.1)
δpRq˚j
pRq
˚ pH q
„
ÝÑ j˚δ
˚
U pH q.
On U ˆU pU ˆk Uq “ U ˆk U , we have
δ˚U pH qbH “ Homppr
˚
2F , pr
˚
2F q bHomppr
˚
2F , pr
˚
1F q,
which induces a map
(6.11.6) δ˚U pH qbH Ñ Homppr
˚
2F , pr
˚
1F q “ H .
The morphism ϑ is the following composed map
j˚δ
˚
U pH qb R
qj
pRq
V prν˚pH qq Ñ RqjpRqV ˚ rν˚pδ˚U pH qbH q Ñ RqjpRqV prν˚pH qq,
where the second arrow is induced by (6.11.6). The map
(6.11.7) ǫ : ΛÑ j˚δ
˚
U pH q
associated to the element idF P ΓpX, j˚δ
˚
U pH qq “ EndpF q induces the identity
H
„
ÝÑ ΛbH
ǫ|Uˆid
ÝÝÝÝÑ δ˚U pH qbH
(6.11.6)
ÝÝÝÝÝÑ H .
Hence ǫ and ϑ induce the identity of Rqj
pRq
V prν˚pH qq. Restrict (6.11.5) to EpRqˆREpRq, we obtain
a map
(6.11.8) pj
pRq
˚ pH q|EpRqqb pR
qj
pRq
V ˚ prν˚pH qq|EpRqq Ñ µpRq˚pRqjpRqV ˚ prν˚pH qq|EpRqq.
Notice that the zero section spRq : R Ñ EpRq is just the pull-back of δpRq : X Ñ pX ˚k Xq
pRq
by EpRq Ñ pX ˚k Xq
pRq. After restricting (6.11.8) to spRqpRq ˆR E
pRq, the map ǫ|R (6.11.7)
induces the identity of Rqj
pRq
V ˚ prν˚pH qq|EpRq . Hence, the proposition follows from (6.7) (applied
with F “ j
pRq
˚ pH q|EpRq and G “ R
qj
pRq
V ˚ prν˚pH qq|EpRq). 
Definition 6.12 ([5] 8.23). We keep the assumptions and notation of 6.9, moreover, we assume
that the conductor of F relatively to X is the effective divisor R (5.10) and that F is isoclinic
along D (5.13). We say that F is clean along D if the following conditions are satisfied:
(i) the ramification of F along D is bounded by R`;
(ii) the additive sheaf j
pRq
˚ H |EpRq on E
pRq is non-degenerated (6.6).
Proposition 6.13. We keep the assumptions and notation of 6.9, moreover, we assume that the
conductor of F relatively to X is the effective divisor R and that F is isoclinic and clean along
D (6.12). Then, we have
RΓEpRqppX ˚k Xq
pRq, j
pRq
˚ pH qpdqq “ 0.
Proof. We denote by i : EpRq Ñ pX ˚k Xq
pRq the canonical injection and π : EpRq Ñ R the
canonical projection. Notice that ([5] 5.26)
V ˚k V “ pX ˚k Xq
pRq ˆX V “ pX ˚k Xq
pRq ´ EpRq,
then
Rqi!pj
pRq
˚ H q “
"
0 when q ď 1;
i˚Rq´1j
pRq
V ˚ prν˚pH qq when q ě 2.
Since F is clean along D, for any integer q, the sheaf i˚Rq´1j
pRq
V ˚ pν˚pH qq on E
pRq is additive and
non-degenerated (6.11). Hence, for any integer q, Rπ˚R
qi!pj
pRq
˚ pH qq “ 0 (6.8). Hence,
RΓEpRqppX ˚k Xq
pRq, j
pRq
˚ pH qpdqq “ RΓpR,Rπ˚Ri
!pj
pRq
˚ pH qqpdqq “ 0.
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
Remark 6.14. Proposition 6.13 is used in the proof of ([18] 3.4). However, the proof of loc. cit.
relies on ([18] 2.25) which is not enough. We reinforce it in 6.11.
6.15. We keep the assumptions and notation of 6.9 and we denote by
T˚XplogDq “ VpΩ1X{kplogDq
_q,
the logarithmic cotangent bundle of X , by σ : X Ñ T˚XplogDq the zero section, for i P I, by ξi
the generic point of Di, by Fi the residue field of OX,ξi , by Si “ SpecpOKiq the henselization of
X at ξi, by ηi “ SpecpKiq the generic point of Si, by Ki a separable closure of Ki and by Gi the
Galois group GalpKi{Kiq.
We assume moreover that the conductor of F is R, and that F is isoclinic and clean along D.
We denote by Mi the ΛrGis-module corresponding to F |ηi . Since F is isoclinic along D, Mi has
just one slope ri. We put Iw “ ti P I; ri ą 0u and S “
ř
iPIw
Di. For i P Iw, let
Mi “ ‘χMi,χ
be the central character decomposition ofMi (5.4). Note thatMi,χ is a free Λ-module of finite type
for all χ. By enlarging Λ, we may assume that for all central characters χ of Mi, we have Λχ “ Λ.
Since GrrilogGi is abelian and killed by p ([18] 1.24), each χ factors uniquely as Gr
ri
logGi Ñ Fp
ψ
ÝÑ Λˆ,
where ψ is the non-trivial additive character fixed in 2.1. We denote also by χ the induced character
and by
rswpχq : mri
Ki
{mri`
Ki
Ñ Ω1Fiplogq bFi F i
its refined Swan conductor (5.5.1) (where the notation are defined as in 5.5). Let Fχ be the field of
definition of rswpχq, which is a finite extension of Fi contained in F i. The refined Swan conductor
rswpχq defines a line Lχ in T
˚XplogDq bX SpecpFχq. Let Lχ be the closure of the image of Lχ in
T˚XplogDq. For i P Iw, we put
(6.15.1) CCipF q “
ÿ
χ
ri ¨ rkΛpMi,χq
rFχ : Fis
rLχs,
which is a d-cycle on T˚XplogDq ˆX Di. We define a d-cycle CC
˚pF q on T˚XplogDq ˆX S by
(6.15.2) CC˚pF q “
ÿ
iPIw
CCipF q.
We define the characteristic cycle of F and denote by CCpF q, the d-cycle on T˚XplogDq defined
by ([18] 3.6)
CCpF q “ p´1qd prkΛpF qrσpXqs ` CC
˚pF qq .
7. Tsushima’s refined characteristic class
7.1. In this section, X denotes a connected smooth k-scheme of dimension d, D a divisor with
simple normal crossing on X and tDiuiPI the irreducible components of D. We assume that
I “ It
š
Iw, and we put S “
Ť
iPIw
Di, T “
Ť
iPIt
Di, U “ X ´D and V “ X ´ S. We denote by
j : U Ñ X , jV : V Ñ X and ν : U Ñ V the canonical injections.
We denote by pXˆkXq
1 the blow-up of XˆkX along tDiˆkDiuiPI , by pXˆkXq
: the blow-up
of X ˆk X along tDi ˆk DiuiPIt , by X ¸k X the left-framed self-product of X along D and by
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X ˚k X the framed self-product of X along D (5.7). For any open subschemes Y and Z of X , we
put
pY ˆk Zq
1 “ pY ˆk Zq ˆpXˆkXq pX ˆk Xq
1,
pY ˆk Zq
: “ pY ˆk Zq ˆpXˆkXq pX ˆk Xq
:,
Y ˚k Z “ pY ˆk Zq ˆpXˆkXq pX ˚k Xq.
Notice that pV ˆk V q
1 “ pV ˆk V q
: and V ˚k V “
ś
iPIt
ppX ˚k XqiˆpXˆkXq pV ˆk V qq. We have
the following commutative diagram with Cartesian squares
(7.1.1) U ˆk U
l
U ˆk U
l
rν //
ν2

V ˚k V
ϕ2

l
V ˚k V //

l
X ˚k X
ϕ

U ˆk U
l
// U ˆk V
l
ν¸1 // V ¸k V
ϕ1

U ˆk U
l
// U ˆk V
l
ν
:
1 // pV ˆk V q:
lh

j
:
2 // pV ˆk Xq:
l
j
:
1 //
g

pX ˆk Xq
:
f

U ˆk U ν2
// U ˆk V ν1
// V ˆk V
j2
// V ˆk X
j1
// X ˆk X
where all horizontal arrows are open immersions. We denote by rj : UˆkU Ñ X˚kX the canonical
injection.
We denote by δ : X Ñ X ˆkX the diagonal map. By the universality of the blow-up, δ induces
closed immersions
(7.1.2) δ: : X Ñ pX ˆk Xq
: and rδ : X Ñ X ˚k X,
and hence, by pull-back, the following closed immersions
(7.1.3) δ:V : V Ñ pV ˆk V q
: and rδV : V Ñ V ˚k V.
7.2. In the following of this section, F denotes a locally constant and constructible sheaf of free
Λ-modules on U , tamely ramified along T X V relatively to V . We put
H0 “ Homppr
˚
2F , pr
˚
1F q on U ˆk U,
H “ RHomppr˚2F ,Rpr
!
1F q on U ˆk U,
H “ RHomppr˚2 j!F ,Rpr
!
1j!F q on X ˆk X,ĂH “ rj˚H0pdqr2ds on X ˚k X.
We have a canonical isomorphism H
„
ÝÑ H0pdqr2ds.
7.3. We denote by H V the restriction of H to V ˆk V and by ĂHV the restrictions of ĂH to
V ˚k V . Notice that H V
„
ÝÑ RHomppr˚2ν!F ,Rpr
!
2ν!F q. We put
H
:
V “ ϕ1!pRϕ2˚p
ĂHV qq on pV ˆk V q:.
Since ν1 is an open immersion, the base change maps give by composition an isomorphism (7.1.1)
ν
:˚
1 pH
:
V q “ ν
:˚
1 ϕ1!pRϕ2˚p
ĂHV qq „ÝÑ ν¸˚1 pRϕ2˚p ĂHV qq „ÝÑ Rν2˚H .
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By (3.7.2), we have
h˚pH V q
„
ÝÑ h˚ν1!Rν2˚H
„
ÝÑ ν:1!pRν2˚H q
„
ÝÑ ν:1!pν
:˚
1 pH
:
V qq.
It induces a canonical map
(7.3.1) h˚pH V q Ñ H
:
V ,
that extends the identity of H on U ˆk U . Since F is tamely ramified along the divisor T X V
relatively to V , the adjoint map
H V Ñ Rh˚pH
:
V q
is an isomorphism by ([4] 2.2.4).
7.4. We put
H
:
“ j:1!pRj
:
2˚pH
:
V qq
on pX ˆk Xq
:, and we consider the following composition of maps
(7.4.1)
f˚H “ f˚j1!Rj2˚pH V q
„
ÝÑ j:1!g
˚Rj2˚pH V q Ñ j
:
1!Rj
:
2˚h
˚pH V q
(7.3.1)
ÝÝÝÝÑ j:1!pRj
:
2˚pH
:
V qq “ H
:
,
where the second and the third arrows are induced by the base change maps.
Lemma 7.5 ([23] Lemma 3.13). The adjoint map of (7.4.1)
H Ñ Rf˚H
:
is an isomorphism.
7.6. We put X: “ f´1pδpXqq and S: “ f´1pδpSqq. We denote by γ: : pXˆkXq
:zX: Ñ pXˆkXq
:
the canonical injection, which is an open immersion and put
(7.6.1) L : “ Rγ:˚pΛq.
The map (7.4.1) induces by pull-back a map
(7.6.2) H0XpX ˆk X,H q Ñ H
0
X:ppX ˆk Xq
:,H
:
q.
The adjunction ΛÑ L : induces a map
(7.6.3) H0X:ppX ˆk Xq
:,H
:
q Ñ H0X:ppX ˆk Xq
:,H
:
bL L :q.
By (3.6.1), we have a canonical isomorphism Endpj!F q
„
ÝÑ H0XpXˆkX,H q. We denote also idj!F
the image of idj!F P Endpj!F q in H
0
XpX ˆk X,H q. Its image in H
0
X:
ppX ˆk Xq
:,H
:
bL L :q by
the composition of the maps (7.6.2) and (7.6.3) will be denoted by αpj!F q.
Proposition 7.7 ([23], 3.14 and 3.15). The canonical map
(7.7.1) H0S:ppX ˆk Xq
:,H
:
bL L :q Ñ H0X:ppX ˆk Xq
:,H
:
bL L :q
is injective and there exists a unique element
(7.7.2) α0pj!F q P H
0
S:ppX ˆk Xq
:,H
:
bL L :q
whose image by (7.7.1) is αpj!F q.
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7.8. The squares of the following commutative diagram
X
lδ1

V
l
jVoo

V
lδ
:
V

V
lrδV

U
νoo
δU

pX ˆk Xq
: pV ˆk Xq
:
j
:
1oo pV ˆk V q:
j
:
2oo V ˚k V
ϕ1˝ϕ2oo U ˆk U
rνoo
are Cartesian and all the horizontal arrows are open immersions. By (5.9) and (5.12), since F is
tamely ramified along T X V relatively to V , we have an isomorphism
(7.8.1) rδ˚V prν˚pH0qq „ÝÑ ν˚pδ˚U pH0qq.
The base change maps give by composition an isomorphism
(7.8.2) δ:˚pH
:
q
„
ÝÑ jV !δ
:˚
V pH
:
V q
„
ÝÑ jV !rδ˚V p ĂHV q „ÝÑ jV !ν˚pE ndpF qqpdqr2ds,
where the third arrow is (7.8.1). There exists a unique map
(7.8.3) TrV : ν˚pE ndpF qq Ñ ΛV
which extends the trace map Tr : E ndpF q Ñ ΛU ([4] (2.9)). The maps (7.8.2) and (7.8.3) give an
evaluation map
(7.8.4) ev: : δ:˚pH
:
q Ñ jV !pKV q.
Composing with the canonical map jV !pKV q Ñ KX , we obtain a morphism
(7.8.5) H0SpX, δ
:˚pH
:
q bL δ:˚L :q Ñ H0SpX,KX b
L δ:˚L :q.
The pull-back by δ: gives a morphism
(7.8.6) H0S:ppX ˆk Xq
:,H
:
bL L :q Ñ H0SpX, δ
:˚pH
:
q bL δ:˚L :q.
Composing (7.8.5) and (7.8.6), we get a map
(7.8.7) H0S:ppX ˆk Xq
:,H
:
bL L :q Ñ H0SpX,KX b
L δ:˚L :q.
Lemma 7.9 ([22] Lemma 2.3). The canonical map
(7.9.1) H0SpX,KXq Ñ H
0
SpX,KX b
L δ:˚L :q
induced by the canonical map ΛÑ δ:˚L :, is an isomorphism.
7.10. Composing (7.8.7) and the inverse of (7.9.1), we get a map
(7.10.1) κ : H0S:ppX ˆk Xq
:,H
:
bL L :q Ñ H0SpX,KXq.
We call κpα0pj!F qq P H
0
SpX,KXq the refined characteristic cycle of j!F , and we denote it by
CSpj!F q.
Remark 7.11. If T “ H, we have pXˆkXq
: “ XˆkX , pV ˆk V q
: “ V ˚k V “ U ˆkU , X
: “ X ,
S: “ S and, by (3.7.2), H
:
“ H . It is easy to see that (4.10)
CSpj!pF qq “ C
0
Spj!pF qq P H
0
SpX,KXq.
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7.12. In the following of this section, Y denotes a connected smooth k-scheme, Z a closed sub-
scheme of Y andW “ Y ´Z the complementary open subscheme of Z in Y . We assume that there
exists a proper flat morphism π : X Ñ Y such that V “ π´1pW q, Q “ π´1pZq is a divisor with
normal crossing, that S “ Qred, that the canonical projection πV : V Ñ W is smooth and that
T X V is a divisor with simple normal crossing relatively to W . We have a commutative diagram
with Cartesian squares
U
ν //
πU   ❅
❅
❅
❅
❅
❅
❅
❅
V
l
jV //
πV

X
lπ

Q
iQoo
πQ

W
jW // Y Z
iZoo
We make the following remarks:
(i) For any locally constant and constructible sheaf of Λ-modules G tamely ramified along
the divisor T X V relatively to V , πV is universally locally acyclic relatively to ν!pG q ([6]
Appendice to Th. Finitude, [19] 3.14). Since πV is proper, all cohomology groups of
RπU !pG q are locally constant and constructible on W .
(ii) Since π is proper, we have a push-forward
(7.12.1) H0SpX,KXq
„
ÝÑ H0QpX,KXq Ñ H
0
ZpY,KY q
defined by applying the functor H0pZ,´q to the following composed map
RπQ˚pKQq
„
ÝÑ RπQ˚Rπ
!
QpKZq
„
ÝÑ RπQ!Rπ
!
QpKZq Ñ KZ ,
where the third arrow is induced by the adjunction.
Theorem 7.13 (Localized Lefschetz-Verdier trace formula, [23] 5.4). We have (4.10, 7.10)
π˚pCSpj!pF qqq “ C
0
ZpjW !pRπU !pF qqq
in H0ZpY,KY q.
7.14. We assume that Y is of dimension 1 and that Z is a closed point y of Y , and we denote by
y a geometric point of Y localized at y, by Ypyq the strict localization of Y at y, by η a geometric
generic point of Ypyq. For any object G of D
b
ctfpW,Λq with locally constant cohomology groups.
We put ([6] Rapport 4.4)
rkΛpGηq “ Trpid;Gηq,
swypGηq “
ÿ
qPZ
p´1qqswyppH
qpG qqηq,
dimtotypGηq “ rkΛpGηq ` swypGηq,
where swyppH
qpG qqηq denotes the Swan conductor of pH
qpG qqη at y ([21] 19.3). By ([23] 4.1),
we have
(7.14.1) C0tyupjW !pG qq ´ rkΛpG |ηq ¨ C
0
tyupjW !pΛW qq “ ´swypGηq
in H0tyupY,KY q
„
ÝÑ Λ. In fact, the proof of (7.14.1) is simpler than the general case treated in ([23]
4.1), since Y is of dimension 1, we can use the usual Swan conductor rather than the generalized
one ([14] 4.2.2).
Corollary 7.15 ([23] 5.5). Keep the notation and assumptions of 7.14. We have
(7.15.1)
swypRΓcpUη,F |Uη qq ´ rkΛpF q ¨ swypRΓcpUη,Λqq “ ´π˚pCSpj!pF qq ´ rkΛpF q ¨ CSpj!pΛU qqq
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in H0tyupY,KY q
„
ÝÑ Λ.
Proof. Since F is tamely ramified along T X V relatively to V , we have ([12] 2.7)
rkΛpRπU !pF q|ηq “ rkΛpF q ¨ rkΛpRπU !pΛU q|ηq.
Then, by (7.13) and (7.14.1),
π˚pCSpj!pF qq ´ rkΛpF q ¨ CSpj!pΛU qqq
“ C0tyupjW !RπU !pF qq ´ rkΛpF q ¨ C
0
tyupjW !RπU !pΛU qq
“ C0tyupjW !RπU !pF qq ´ rkΛpRπU !pF q|ηq ¨ C
0
tyupjW !pΛW qq
´ rkΛpF q ¨
´
C0tyupjW !RπU !pΛU qq ´ rkΛpRπU !pΛq|ηq ¨ C
0
tyupjW !pΛW qq
¯
“ ´swypRπU !pF q|ηq ` rkΛpF q ¨ swypRπU !pΛq|ηq.
By the proper base change theorem (3.1.4), we have
RπU !pF q|η
„
ÝÑ RΓcpUη,F |Uη q and RπU !pΛq|η
„
ÝÑ RΓcpUη,Λq.
Then (7.15.1) follows. 
8. The conductor formula
8.1. In this section, we take again the assumptions of 7.1 and 7.2 and we will take the notation
introduced in §7. Let R be the conductor of F (5.9) that we assume having integral coefficients of
support in S. We assume also that F is isoclinic and clean along D (5.13 and 6.12). Notice that
if R “ 0, a sheaf F is tamely ramified along D and is automatically isoclinic and clean.
Theorem 8.2. Let F be a sheaf on U as in 8.1. Assume that T X S “ H or that rkΛpF q “ 1.
Then, we have (2.4)
CSpj!pF qq ´ rkΛpF q ¨ CSpj!pΛU qq
“ p´1qd rkΛpF q ¨ cd
´
Ω1X{kplogDq bOX OXpRq ´ Ω
1
X{kplogDq
¯X
S
X rXs P H0SpX,KXq,
where the right hand side is considered as an element of H0SpX,KXq by the cycle map (3.10.2).
The theorem will be proved in 8.20 after some preliminaries. We will deduce from it the theorem
1.3 in 8.26. The case where rkΛpF q “ 1 is due to Tsushima ([23] 5.9).
Remark 8.3. Although we follow the same lines as [22] for sheaves of higher ranks, the situation
is technically more involved. The assumption S XT “ H is required for the injectivity of a map λ
defined in (8.6.4), which is a crucial step in my proof (cf. 8.17). We don’t know if it holds without
this assumption.
8.4. We considerX˚kX as an X-scheme by the second projection, and we denote by pX˚kXq
pRq
the dilatation of X ˚k X along rδ of thickening R (5.6). We have a Cartesian diagram (5.8.1)
U
l
δU //
j

U ˆk U
jpRq

X
δpRq // pX ˚k XqpRq
We denote by f pRq : pX ˚k Xq
pRq Ñ X ˆk X and ϕ
pRq : pX ˚k Xq
pRq Ñ pX ˆk Xq
: the canonical
projections. We put XpRq “ f pRq´1pδpXqq and SpRq “ f pRq´1pδpSqq.
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We put
H
pRq “ j
pRq
˚ pH0qpdqr2ds
on pX ˚k Xq
pRq. Notice that H pRq|V˚kV “
ĂHV (7.3).
Proposition 8.5 ([18] Corollary 3.3). There exists a unique homomorphism (7.2)
(8.5.1) f pRq˚pH q Ñ H pRq
extending the identity of H on U ˆk U .
8.6. We deduce from (8.5.1) by pull-back a map
(8.6.1) H0XpX ˆk X,H q Ñ H
0
XpRqppX ˚k Xq
pRq,H pRqq.
We put (7.6.1)
(8.6.2) L pRq “ ϕpRq˚pL :q.
The canonical map ΛÑ L pRq induces a map
(8.6.3) H0XpRqppX ˚k Xq
pRq,H pRqq Ñ H0XpRqppX ˚k Xq
pRq,H pRq bL L pRqq.
The canonical injection SpRq Ñ XpRq induces a map
(8.6.4) λ : H0SpRqppX ˚k Xq
pRq,H pRq bL L pRqq Ñ H0XpRqppX ˚k Xq
pRq,H pRq bL L pRqq.
8.7. We denote by rV “ XpRq ´ SpRq the complementary open subscheme of SpRq in XpRq, byrιV : rV Ñ V ˚k V , rγV : pV ˚k V qzrV Ñ V ˚k V and γU : pU ˆk UqzδU pUq Ñ U ˆk U the canonical
injections. We put DpRq “ f pRq´1pδpDqq and T pRq “ f pRq´1pδpT qq. Notice that T pRqYSpRq “ DpRq
and that δU pUq is the complementary open subscheme of D
pRq in XpRq. We putĂLV “ RrγV ˚pΛq.
Notice that ĂLV „ÝÑ L :|V˚kV “ L pRq|V˚kV (7.6.1) and (8.6.2).
Proposition 8.8 ([22] 2.2). If the sheaf F on U has rank 1, the map λ (8.6.4) is an isomorphism.
Proof. It is sufficient to show that, for any integer q, HqrV pV ˚k V, ĂHV bL ĂLV q “ 0. Since F
is of rank 1 and is tamely ramified along T X V relatively to V , rν˚H0 is a locally constant and
constructible sheaf on V ˚k V ([4] 4.2.2.1). By ([7] 6.5.5), we haveĂHV bL ĂLV „ÝÑ RrγV ˚prγ˚V p ĂHV qq.
Since Rrι!Rrγ˚ “ 0 (3.1.5), for any integer q,
H
qrV pV ˚k V, ĂHV bL ĂLV q “ HqprV ,Rrι!RrγV ˚prγ˚V p ĂHV qqq “ 0.

Proposition 8.9. If T X S “ H, the map λ (8.6.4) is injective.
Proof. Since H0 is locally constant, by ([7] 6.5.5), for any integer q,
H
q
U pU ˆk U,H b
L RγU˚pΛqq
„
ÝÑ HqU pU ˆk U,RγU˚γ
˚
U pH qq
„
ÝÑ HqpU,Rδ!URγU˚γ
˚
U pH qq “ 0.
Hence, we have a canonical isomorphism
H0DpRqppX ˚k Xq
pRq,H pRq bL L pRqq
„
ÝÑ H0XpRqppX ˚k Xq
pRq,H pRq bL L pRqq.
Since T X S “ H, we have T pRq X SpRq “ H. Hence, for any object G of DbctfppX ˚k Xq
pRq,Λq,
H0DpRqppX ˚k Xq
pRq,G q “ H0SpRqppX ˚k Xq
pRq,G q ‘H0T pRqppX ˚k Xq
pRq,G q.
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In particular, the canonical map
H0SpRqppX ˚k Xq
pRq,H pRq bL L pRqq Ñ H0DpRqppX ˚k Xq
pRq,H pRq bL L pRqq
is injective. Hence λ is injective. 
8.10. The pull-back by δpRq gives a map
H0SpRqppX ˚k Xq
pRq,H pRq bL L pRqq Ñ H0SpX, δ
pRq˚pH pRqq bL δ:˚pL :qq.
Since the conductor of F is R and F is isoclinic and clean along D (8.1), the ramification of F
along D is bounded by R` (6.12). Hence, we have an isomorphism (5.9)
δpRq˚pj
pRq
˚ pH0qq
„
ÝÑ j˚pδ
˚
U pH0qq.
We have an evaluation map
δpRq˚pH pRqq
„
ÝÑ j˚pδ
˚
U pH0qqpdqr2ds “ j˚pE ndpF qqpdqr2ds Ñ pj˚pΛU qqpdqr2ds “ ΛXpdqr2ds “ KX ,
where the third arrow is the push-forward of the trace map Tr : E ndpF q Ñ ΛU . It induces a map
evpRq : H0SpX, δ
pRq˚pH pRqq bL δ:˚pL :qq Ñ H0SpX,KX b
L δ:˚pL :qq
„
ÝÑ H0SpX,KXq,
where second arrow is the inverse of the isomorphism (7.9.1).
8.11. By (3.4.2), we have a map
H0pX, δpRq˚j
pRq
˚ pH0qq ˆH
0
SpX, δ
:˚pL :qpdqr2dsq
YSÝÝÑ H0SpX, δ
pRq˚pH pRqq bL δ:˚pL :qq.
In the following of this section, we denote by e P H0pX, δpRq˚j
pRq
˚ pH0qq the unique pre-image of
idF P EndpF q “ H
0pX, j˚δ
˚pH0qq. The following diagram is commutative
(8.11.1) H0SpX, δ
pRq˚pH pRqq bL δ:˚pL :qq
evpRq // H0SpX,KXq
(7.9.1)

H0SpX, δ
:˚pL :qpdqr2dsq
eYS´
OO
¨ rkΛpFq // H0SpX,KX b
L δ:˚pL :qq
since the composition of the following morphisms
H0pX, δpRq˚j
pRq
˚ pH0qq Ñ H
0pX, j˚δ
˚
U pH0qq
ev
ÝÑ H0pX,Λq
maps e P H0pX, δpRq˚j
pRq
˚ pH0qq to rkΛpF q P Λ “ H
0pX,Λq.
8.12. We have a commutative diagram with Cartesian squares (7.1)
(8.12.1) V ˚k V
lj
pRq
V

V ˚k V
l

ϕ2 // V ¸k V
ϕ1 // pV ˆk V q:
j
:
2 // pV ˆk Xq:
j
:
1

pX ˚k Xq
pRq
ϕpRq
22// X ˚k X
ϕ // pX ˆk Xq:
The base change maps give by composition the following isomorphism
ϕpRq˚pH
:
q “ ϕpRq˚j:1!Rj
:
2˚pH
:
V q
„
ÝÑ j
pRq
V ! pj
:
2 ˝ ϕ1 ˝ ϕ2q
˚Rj
:
2˚pH
:
V q
„
ÝÑ j
pRq
V !
ĂHV ,
which induces a map
(8.12.2) ϕpRq˚pH
:
q
„
ÝÑ j
pRq
V ! p
ĂHV q Ñ jpRqV ˚ prν˚pH0qqpdqr2ds “ H pRq.
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By (8.5), the composed map
f pRq˚pH q “ ϕpRq˚pf˚pH qq
(7.4.1)
ÝÝÝÝÑ ϕpRq˚pH
:
q
(8.12.2)
ÝÝÝÝÝÑ H pRq
is equal to (8.5.1). We deduce by pull-back a commutative diagram
(8.12.3) H0XpX ˆk X,H q
(7.6.2) //
(8.6.1) **❚❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
H0
X:
ppX ˆk Xq
:,H
:
q

H0
XpRq
ppX ˚k Xq
pRq,H pRqq
8.13. We have the following diagrams with commutative squares
(8.13.1) H0
X:
ppX ˆk Xq
:,H
:
q

(7.6.3) // H0
X:
ppX ˆk Xq
:,H
:
bL L :q

H0
XpRq
ppX ˚k Xq
pRq,H pRqq
(8.6.3) // H0
XpRq
ppX ˚k Xq
pRq,H pRq bL L pRqq
H0XppX ˚k Xq
pRq,Λpdqr2dsq
eY´
OO
θ // H0XppX ˚k Xq
pRq,L pRqpdqr2dsq
eY´
OO
(8.13.2) H0
X:
ppX ˆk Xq
:,H
:
bL L :q

H0
S:
ppX ˆk Xq
:,H
:
bL L :q? _
(7.7.1)oo

H0
XpRq
ppX ˚k Xq
pRq,H pRq bL L pRqq
p1q
H0
SpRq
ppX ˚k Xq
pRq,H pRq bL L pRqq
λoo
H0XppX ˚k Xq
pRq,L pRqpdqr2dsq
eY´
OO
H0SppX ˚k Xq
pRq,L pRqpdqr2dsq
eYS´
OO
λ0oo
(8.13.3)
H0
S:
ppX ˆk Xq
:,H
:
bL L :q

(7.8.6) // H0SpX, δ
:˚pH
:
q bL δ:˚pL :qq
(7.8.5) //

H0SpX,KXq
H0
SpRq
ppX ˚k Xq
pRq,H pRq bL L pRqq // H0SpX, δ
pRq˚pH pRqq bL δ:˚pL :qq
evpRq //
(8.11.1)
H0SpX,KXq
H0SppX ˚k Xq
pRq,L pRqpdqr2dsq
eYS´
OO
// H0SpX, δ
:˚pL :qpdqr2dsq
¨ rkΛpFq //
eYS´
OO
H0SpX,KXq
where
i. The arrows from the upper row to the middle row are the pull-backs by ϕpRq;
ii. The arrows eY´ are the cup products (3.3.2) and the arrows eYS ´ are given in (3.4.2);
iii. The arrows θ are induced by the canonical map ΛÑ L pRq;
iv. The arrows λ0 is the canonical map induced by the injection S Ñ X ;
v. The square p1q is commutative by (3.4.1);
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vi. The arrows under (7.8.6) are the pull-back by δpRq;
vii. We use the canonical isomorphism H0SpX,KXq
„
ÝÑ H0SpX,KX b
L δ:˚pL :qq (cf. 7.9).
Lemma 8.14. For any integer q, the canonical maps
H
q
SppX ˚k Xq
pRq,L pRqpdqq Ñ HqXppX ˚k Xq
pRq,L pRqpdqq,
are isomorphisms. In particular, the map λ0 in (8.13.2) is an isomorphism.
Proof. It is sufficient to show that, for any integer q,
H
q
V pV ˚k V,RrγV ˚Λpdqq “ 0,
which follows from the fact that Rrδ!V RrγV ˚Λpdq “ 0 (3.1.5). 
8.15. For any integer q, any object G of DbctfppX ˚k Xq
pRq,Λq and any closed subscheme Z P
pX ˚k Xq
pRq, we denote by
H
q
ZppX ˚k Xq
pRq,G q Ñ HqZppX ˚k Xq
pRq,G bL L pRqq, x ÞÑ xa,
the morphism induced by the canonical map Λ Ñ L pRq. For any closed immersion Z Ñ Y of
closed subschemes of pX ˚k Xq
pRq, we denote abusively by
H
q
ZppX ˚k Xq
pRq,G q Ñ HqY ppX ˚k Xq
pRq,G q, x ÞÑ x,
the canonical map.
Proposition 8.16 ([18] 3.3, 3.4). We denote by rXs P H0XppX ˚k Xq
pRq,Λpdqr2dsq the cycle class
of δpRqpXq. Then we have (7.6), (8.6.1)
f pRq˚pidj!pFqq “ e Y rXs P H
0
XpRqppX ˚k Xq
pRq,H pRqq.
The proof in ([18] 3.4) should be modified as in 6.13.
Proposition 8.17. If T X S “ H or if rkΛpF q “ 1, we have (7.10)
(8.17.1) CSpj!pF qq “ rkΛpF q ¨ δ
pRq˚pλ´10 prXsaqq P H
0
SpX,KXq.
Proof. By (8.12.3), (8.13.1) and 8.16, we have (7.6)
ϕpRq˚pαpidj!pFqqq “ e Y prXsaq P H
0
XpRqppX ˚k Xq
pRq,H pRq bL L pRqq.
Then, by 8.8, 8.9, 8.14 and (8.13.2), we have (7.7.2)
ϕpRq˚pα0pj!pF qqq “ eYS pλ
´1
0 prXsaqq P H
0
SpRqppX ˚k Xq
pRq,H pRq bL L pRqq.
Equation (8.17.1) follows form (8.13.3). 
Lemma 8.18. We put rXpRq “ ϕpRq´1pδ:pXqq and rSpRq “ ϕpRq´1pδ:pSqq (8.12.1). Then
(i) There exists a unique element τ P CHdprSpRqq which maps to rXs ´ϕpRq!rXs P CHdp rXpRqq,
and we have
(8.18.1) δpRq!pτq “ p´1qd ¨ cd
´
Ω1X{kplogDq bOX OXpRq ´ Ω
1
X{kplogT q
¯X
S
X rXs P CH0pSq.
(ii) We consider τ as an element in H0rSpRqppX˚kXqpRq,Λpdqr2dsq by the cycle map (3.10). We
have
(8.18.2) τa “ λ
´1
0 prXsaq P H
0rSpRqppX ˚k XqpRq,L pRqpdqr2dsq.
The proof of this lemma is similar to that of ([22] 3.7), in which the author consider the case
where supppRq “ S. It is an immediate application of ([14] 3.4.9).
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Corollary 8.19. We have
(8.19.1)
δpRq˚pλ´10 prXsaqq “ p´1q
d ¨ cd
´
Ω1X{kplogDq bOX OXpRq ´ Ω
1
X{kplog T q
¯X
S
X rXs P H0SpX,KXq,
where the right hand side is considered as an element of H0SpX,KXq by the cycle map.
Proof. Applying (3.10.3) to the map δpRq : X Ñ pX ˚k Xq
pRq, we have
(8.19.2) δpRq!pτq “ δpRq˚pτq P H0SpX,KXq,
where we consider δpRq!pτq as an element of H0SpX,KXq by the cycle map. Since the following
diagram
H0rSpRqppX ˚k XqpRq,Λpdqr2dsq

// H0SpX,KXq
(7.9.1)

H0rSpRqppX ˚k XqpRq,L pRqpdqr2dsq // H0SpX,KX bL δ:˚L :q
is commutative, where the horizontal arrows are the pull-backs by δpRq, we have
(8.19.3) δpRq˚pτq “ δpRq˚pτaq P H
0
SpX,KXq.
Hence, (8.19.1) follows form (8.18.1), (8.18.2), (8.19.2) and (8.19.3). 
8.20. Proof of Theorem 8.2. By 8.17 and 8.19, we have
CSpj!pF qq “ p´1q
d rkΛpF q ¨ cd
´
Ω1X{kplogDq bOX OXpRq ´ Ω
1
X{kplogT q
¯X
S
X rXs,
CSpj!pΛU qq “ p´1q
d ¨ cd
´
Ω1X{kplogDq ´ Ω
1
X{kplogT q
¯X
S
X rXs
in H0SpX,KXq. Hence,
CSpj!pF qq ´ rkΛpF q ¨ CSpj!pΛU qq
“ p´1qd rkΛpF q ¨ cd
´
Ω1X{kplogDq bOX OXpRq ´ Ω
1
X{kplogDq
¯X
S
X rXs P H0SpX,KXq.
l
Remark 8.21 ([4] 4.2.1, [22] remark after 3.9). Observe that we have
p´1qd ¨ cd
´
Ω1X{kplogDq bOX OXpRq ´ Ω
1
X{kplogDq
¯X
S
X rXs(8.21.1)
“ ´tcpΩ1X{kplogDq
_q X p1` c1pOXpRqqq
´1 X rRsudim0
“ p´1qd ¨ tcpΩ1X{kplogDqq X p1 ´ c1pOXpRqqq
´1 X rRsudim0 P CH0pSq.
8.22. we denote by
T˚XplogDq “ VpΩ1X{kplogDq
_q,
the logarithmic cotangent bundle of X . Since the R is supported in S, R “
ř
iPIw
riDi, where
ri P Zě0. By ([18] 3.16), For i P Iw, we have (6.15.1)
CCipF q “ ri ¨ rkΛpF q ¨ tcpΩ
1
X{kplogDqq X p1 ´ c1pOXpRqqq
´1 X rT˚XplogDq ˆX Disudim d
in CHdpT
˚XplogDq ˆX Diq. Hence, we have (6.15.2)
(8.22.1) CC˚pF q “ rkΛpF q ¨ tcpΩ
1
X{kplogDqq X p1´ c1pOXpRqqq
´1 X rT˚XplogDq ˆX Rsudimd
in CHdpT
˚XplogDq ˆX Sq.
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8.23. In the following, we take the notation and assumptions of 7.12, and we assume that Y is of
dimension 1 and that Z is a closed point y of Y , and we denote by y a geometric point localized
at y, by Ypyq the strict localization of Y at y and by η a geometric generic point of Ypyq.
Theorem 8.24. We assume that S “ D (i.e., T “ H) or that rkΛpF q “ 1. Then, for any section
s : X Ñ T˚XplogDq, we have
(8.24.1) swypRΓcpUη,F |Uη qq ´ rkΛpF q ¨ swypRΓcpUη,Λqq “ p´1q
d`1 degpCC˚pF q X rspXqsq
in H0tyupY,KY q
„
ÝÑ Λ.
Proof. We denote by ̟ : T˚XplogDq Ñ X the canonical projection. Since ̟ ˝ s “ idX , we have
CC˚pF q X rspXqs
“ rkΛpF q ¨ tcpΩ
1
X{kplogDqq X p1´ c1pOXpRqqq
´1 X̟˚rRs X rspXqsudim“0
“ rkΛpF q ¨̟
˚ptcpΩ1X{kplogDqq X p1 ´ c1pOXpRqqq
´1 X rRsudim“0q X rspXqs
“ rkΛpF q ¨ tcpΩ
1
X{kplogDqq X p1´ c1pOXpRqqq
´1 X rRsudim“0 P CH0pSq.
By 8.2 and (8.21.1), we get (3.10)
p´1qdpCC˚pF q X rspXqsq “ CSpj!pF qq ´ rkΛpF q ¨ CSpj!pΛU qq P H
0
SpX,KXq.
Hence, by (7.15), we have
swypRΓcpUη,F |Uη qq ´ rkΛpF q ¨ swypRΓcpUη,Λqq “ p´1q
d`1π˚pCC
˚pF q X rspXqsq
in H0tyupY,KY q
„
ÝÑ Λ. It is easy to see that the composed map
CH0pSq
cl
ÝÑ H0SpX,KXq Ñ H
0
tyupY,KY q
„
ÝÑ Λ,
where the second arrow is the push-forward (7.12.1), is just the degree map of zero cycles. We
obtain (8.24.1). 
Remark 8.25. Since π : X Ñ Y is proper and T X V is a divisor with simple normal crossing
relatively to W (7.12), the condition S X T “ H in 8.2 implies T “ H.
8.26. Proof of Theorem 1.3. Since F is tamely ramified along T X V relatively to V , F |Uη is
tamely ramified along pT X V qη relatively to Vη. By ([12] 2.7, [18] 3.2), we have
rkΛpRΓcpUη,F |Uη qq “ p´1q
d´1 rkΛpF q ¨ cd´1pΩ
1
Vη{η
plogpT X V qηqq X rVηs
“ rkΛpF q ¨ rkΛpRΓcpUη,Λqq
in H0pVη,KVηq
„
ÝÑ Λ. Hence, we obtain (1.3.1) by 8.24. l
Remark 8.27. We denote by K the function field of Ypyq, by K a separable closure of K and by
P the wild inertia subgroup of GalpK{Kq. We assume that T “ H and Q is reduced. Notice that
X ˆY Ypyq is semi-stable over the strict trait Ypyq. Then the cohomology group
H˚pUη,Λq “ H
˚
c pUη,Λq
is tame, i.e., the action of P is trivial ([13] 3.3). Hence, swypRΓcpUη,Λqq “ 0.
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